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Exercise
A :=
{
(x, y) ∈ R2 : x2 + 2y2 ≤ 1} , f(x, y) = 1
1 + x2 + 2y2
. Evaluate:
I =
∫∫
A
f(x, y)dxdy
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Exercise
A :=
{
(x, y) ∈ R2 : x2 + 2y2 ≤ 1} , f(x, y) = 1
1 + x2 + 2y2
. Evaluate:
I =
∫∫
A
f(x, y)dxdy

x = ρ cosϑ
y =
1√
2
ρ sinϑ
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I = 1√
2
∫∫
]0,1]×[0,2pi[
ρ
1 + ρ2
dρdϑ
=
2pi√
2
∫ 1
0
ρ
1 + ρ2
dρ
=
2pi√
2
1
2
[
ln(1 + ρ2)
]1
0
=
pi ln 2√
2
.
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Exercise
Given A :=
{
(x, y) ∈ R2 : 1 ≤ x ≤ e, lnx
x
≤ y ≤ 1
x
}
evaluate:
I =
∫∫
A
exydxdy
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Exercise
Given A :=
{
(x, y) ∈ R2 : 1 ≤ x ≤ e, lnx
x
≤ y ≤ 1
x
}
evaluate:
I =
∫∫
A
exydxdy
I =
∫ e
1
(
∫ 1
x
ln x
x
exydy)dx =
∫ e
1
[
exy
x
]y= 1x
y= ln xx
dx
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Exercise
Given A :=
{
(x, y) ∈ R2 : 1 ≤ x ≤ e, lnx
x
≤ y ≤ 1
x
}
evaluate:
I =
∫∫
A
exydxdy
I =
∫ e
1
(
∫ 1
x
ln x
x
exydy)dx =
∫ e
1
[
exy
x
]y= 1x
y= ln xx
dx
=
∫ e
1
(e
x
− 1
)
dx = [e lnx− x]e1 = 1.
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Exercise Solve the Cauchy problem for the heat equationut = uxxu(x, 0) = x2 + x
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Exercise Solve the Cauchy problem for the heat equationut = uxxu(x, 0) = x2 + x
Solution is given by the formula
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds (Hs)
where f(x) = x2 + x
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Exercise Solve the Cauchy problem for the heat equationut = uxxu(x, 0) = x2 + x
Solution is given by the formula
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds (Hs)
where f(x) = x2 + x
The integrand is e−s
2 (
4s2t+ 4s
√
tx+ 2s
√
t+ x2 + x
)
thus eliminat-
ing the odd part of it we arrive at
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
4s2t+ x2 + x
)
ds = x2 +x+
4t√
pi
∫ ∞
−∞
s2e−s
2
ds
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
4s2t+ x2 + x
)
ds = x2 +x+
4t√
pi
∫ ∞
−∞
s2e−s
2
ds
Imposing ut = uxx we see that
4√
pi
∫ ∞
−∞
s2e−s
2
ds = 2
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
4s2t+ x2 + x
)
ds = x2 +x+
4t√
pi
∫ ∞
−∞
s2e−s
2
ds
Imposing ut = uxx we see that
4√
pi
∫ ∞
−∞
s2e−s
2
ds = 2
thus ∫ ∞
−∞
s2e−s
2
ds =
√
pi
2
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
4s2t+ x2 + x
)
ds = x2 +x+
4t√
pi
∫ ∞
−∞
s2e−s
2
ds
Imposing ut = uxx we see that
4√
pi
∫ ∞
−∞
s2e−s
2
ds = 2
thus ∫ ∞
−∞
s2e−s
2
ds =
√
pi
2
Hence solution is u(x, t) = 2t+ x2 + x
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Exercise Evaluate (f ? f)(t) when f(t) = te−t
2
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Exercise Evaluate (f ? f)(t) when f(t) = te−t
2
By definition we have
(f ? f)(t) =
∫ ∞
−∞
f(t− x)f(x)dx
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Exercise Evaluate (f ? f)(t) when f(t) = te−t
2
By definition we have
(f ? f)(t) =
∫ ∞
−∞
f(t− x)f(x)dx
Thus when f(t) = te−t
2
we get
(f ? f)(t) =
∫ ∞
−∞
x(t− x)e−(t−x)2e−x2dx =
∫ ∞
−∞
x(t− x)e−(t2−2tx+2x2)dx
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Quoting Wikipedia: In elementary algebra, completing the square is
a technique for converting a quadratic polynomial of the form
ax2 + bx+ c
to the form
a(· · · )2 + constant
In this context, “constant” means not depending on x. The expression
inside the parenthesis is of the form (x−constant). Thus one converts
ax2 + bx+ c to
a(x− h)2 + k
and one must find h and k.
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So it is easy to see that
ax2 + bx+ c = a
(
x+
b
2a
)2
+ c− b
2
4a
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So it is easy to see that
ax2 + bx+ c = a
(
x+
b
2a
)2
+ c− b
2
4a
This means that in our situation
t2 − 2tx+ 2x2 = 2
(
x− 2t
4
)2
+ t2 − 4t
2
8
= 2
(
x− t
2
)2
+
t2
2
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So it is easy to see that
ax2 + bx+ c = a
(
x+
b
2a
)2
+ c− b
2
4a
This means that in our situation
t2 − 2tx+ 2x2 = 2
(
x− 2t
4
)2
+ t2 − 4t
2
8
= 2
(
x− t
2
)2
+
t2
2
We can take advantage of this to evaluate our given integral
(f ? f)(t) =
∫ ∞
−∞
x(t− x)e−(t2−2tx+2x2)dx
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(f ? f)(t) = e−
t2
2
∫ ∞
−∞
x(t− x)e−(
√
2x− t√
2)
2
dx
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(f ? f)(t) = e−
t2
2
∫ ∞
−∞
x(t− x)e−(
√
2x− t√
2)
2
dx
Put
√
2x− t√
2
= u
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(f ? f)(t) = e−
t2
2
∫ ∞
−∞
x(t− x)e−(
√
2x− t√
2)
2
dx
Put
√
2x− t√
2
= u then x =
u√
2
− t
2
=⇒ dx = 1√
2
du
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(f ? f)(t) = e−
t2
2
∫ ∞
−∞
x(t− x)e−(
√
2x− t√
2)
2
dx
Put
√
2x− t√
2
= u then x =
u√
2
− t
2
=⇒ dx = 1√
2
du and
x(t− x) =
(
t
2
− u√
2
)(
t
2
+
u√
2
)
=
t2
4
− u
2
2
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(f ? f)(t) = e−
t2
2
∫ ∞
−∞
x(t− x)e−(
√
2x− t√
2)
2
dx
Put
√
2x− t√
2
= u then x =
u√
2
− t
2
=⇒ dx = 1√
2
du and
x(t− x) =
(
t
2
− u√
2
)(
t
2
+
u√
2
)
=
t2
4
− u
2
2
Summarizing
(f ? f)(t) =
e−
t2
2√
2
∫ ∞
−∞
(
t2
4
− u
2
2
)
e−u
2
du
11/39 Pi?
22333ML232
To terminate we must recall that∫ ∞
−∞
e−u
2
du =
√
pi,
∫ ∞
−∞
u2e−u
2
du =
√
pi
2
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To terminate we must recall that∫ ∞
−∞
e−u
2
du =
√
pi,
∫ ∞
−∞
u2e−u
2
du =
√
pi
2
so that
(f ? f)(t) =
e−
t2
2√
2
(
t2
4
√
pi −
√
pi
4
)
=
√
pi
2
(t2 − 1)e
−t2
4
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Exercise Evaluate
lim
n→∞
∫ ∞
−∞
√
x sin(nx)
1 + nx2
dx
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Exercise Evaluate
lim
n→∞
∫ ∞
−∞
√
x sin(nx)
1 + nx2
dx
∣∣∣∣√x sin(nx)1 + nx2
∣∣∣∣ ≤ √x1 + x2
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Exercise Evaluate
lim
n→∞
∫ ∞
−∞
√
x sin(nx)
1 + nx2
dx
∣∣∣∣√x sin(nx)1 + nx2
∣∣∣∣ ≤ √x1 + x2
Then for the dominated convergence we infer
lim
n→∞
∫ ∞
−∞
√
x sin(nx)
1 + nx2
dx = 0
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Exercise Verify that y1(x) = − 1
x2
solves the differential equation
y′ = xy2 − 2y
x
− 1
x3
and then find its general solution.
(
1
u(x)
− 1
x2
)′
= x
(
1
u(x)
− 1
x2
)2
− 2
x
(
1
u(x)
− 1
x2
)
− 1
x3
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Exercise Verify that y1(x) = − 1
x2
solves the differential equation
y′ = xy2 − 2y
x
− 1
x3
and then find its general solution.
It is a Riccati equation so we can seek for a solution
y(x) = y1(x) +
1
u(x)
=
1
u(x)
− 1
x2(
1
u(x)
− 1
x2
)′
= x
(
1
u(x)
− 1
x2
)2
− 2
x
(
1
u(x)
− 1
x2
)
− 1
x3
14/39 Pi?
22333ML232
2
x3
− u
′(x)
u(x)2
=
x
u(x)2
− 2
xu(x)
+
1
x3
+
2
x3
− 2
xu(x)
− 1
x3
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2
x3
− u
′(x)
u(x)2
=
x
u(x)2
− 2
xu(x)
+
1
x3
+
2
x3
− 2
xu(x)
− 1
x3
So we get the linear equation for u(x)
u′(x) =
4
x
u(x)− x
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2
x3
− u
′(x)
u(x)2
=
x
u(x)2
− 2
xu(x)
+
1
x3
+
2
x3
− 2
xu(x)
− 1
x3
So we get the linear equation for u(x)
u′(x) =
4
x
u(x)− x
whose solution comes from the formula
u(x) = eA(x)
(
c+
∫
b(s)e−A(s)ds
)
here
A(x) =
∫
4
x
dx = 4 ln x
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2
x3
− u
′(x)
u(x)2
=
x
u(x)2
− 2
xu(x)
+
1
x3
+
2
x3
− 2
xu(x)
− 1
x3
So we get the linear equation for u(x)
u′(x) =
4
x
u(x)− x
whose solution comes from the formula
u(x) = eA(x)
(
c+
∫
b(s)e−A(s)ds
)
here
A(x) =
∫
4
x
dx = 4 ln x
then eA(x) = x4 and e−A(s) =
1
s4
so that
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u(x) = x4
(
c−
∫
1
x3
dx
)
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u(x) = x4
(
c−
∫
1
x3
dx
)
= x4
(
c+
1
2x2
)
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u(x) = x4
(
c−
∫
1
x3
dx
)
= x4
(
c+
1
2x2
)
= cx4 +
x2
2
15/39 Pi?
22333ML232
u(x) = x4
(
c−
∫
1
x3
dx
)
= x4
(
c+
1
2x2
)
= cx4 +
x2
2
This means that solution to Riccati equation is
y(x) =
1
u(x)
− 1
x2
=
2
2cx4 + x2
− 1
x2
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u(x) = x4
(
c−
∫
1
x3
dx
)
= x4
(
c+
1
2x2
)
= cx4 +
x2
2
This means that solution to Riccati equation is
y(x) =
1
u(x)
− 1
x2
=
2
2cx4 + x2
− 1
x2
Conclusion
y(x) =
1− 2cx2
x2 (2cx2 + 1)
16/39 P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22333ML232
Exercise Given A = {(x, y) ∈ R2 : 0 ≤ y ≤ √pi, y ≤ x ≤ √pi}
evaluate
∫∫
A
x2 cos(xy)dxdy
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Exercise Given A = {(x, y) ∈ R2 : 0 ≤ y ≤ √pi, y ≤ x ≤ √pi}
evaluate
∫∫
A
x2 cos(xy)dxdy
The integration domain is plotted below
Π
0
x
Π H Π , Π L
A
x
y
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Use Fubini theorem integrating, first with respect to y and then with
respect to x∫∫
A
x2 cos(xy)dxdy =
∫ √pi
0
(∫ x
0
x2 cos(xy)dy
)
dx =
∫ √pi
0
x sin(x2)dx
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Use Fubini theorem integrating, first with respect to y and then with
respect to x∫∫
A
x2 cos(xy)dxdy =
∫ √pi
0
(∫ x
0
x2 cos(xy)dy
)
dx =
∫ √pi
0
x sin(x2)dx
So we have ∫∫
A
x2 cos(xy)dxdy =
[
−1
2
cos(x2)
]√pi
0
= 1
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Exercise Using the theorem for differentiation under the integral sign show that∫ ∞
0
e−x
sin(tx)
x
dx = arctan t
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Exercise Using the theorem for differentiation under the integral sign show that∫ ∞
0
e−x
sin(tx)
x
dx = arctan t
Put f(x, t) = e−x
sin(tx)
x
and observe that ft(x, t) = e
−x cos(tx).
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Exercise Using the theorem for differentiation under the integral sign show that∫ ∞
0
e−x
sin(tx)
x
dx = arctan t
Put f(x, t) = e−x
sin(tx)
x
and observe that ft(x, t) = e
−x cos(tx). Then, being
|e−x cos(tx)| ≤ e−x
hypotheses of the derivative under integral sign theorem are satisfied, thus putting
y(t) :=
∫ ∞
0
e−x
sin(tx)
x
dx
we find
y′(t) :=
∫ ∞
0
e−x cos(tx)dx
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Integrating by parts∫ ∞
0
e−x cos(tx)dx =
[−e−x cos(tx)]x=∞
x=0
−t
∫ ∞
0
e−x sin(tx)dx = 1−t
∫ ∞
0
e−x sin(tx)dx
19/39 Pi?
22333ML232
Integrating by parts∫ ∞
0
e−x cos(tx)dx =
[−e−x cos(tx)]x=∞
x=0
−t
∫ ∞
0
e−x sin(tx)dx = 1−t
∫ ∞
0
e−x sin(tx)dx
Integrating (again) by parts∫ ∞
0
e−x cos(tx)dx = 1 +
[
te−x sin(tx)
]x=∞
x=0
− t2
∫ ∞
0
e−x cos(tx)dx
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Integrating by parts∫ ∞
0
e−x cos(tx)dx =
[−e−x cos(tx)]x=∞
x=0
−t
∫ ∞
0
e−x sin(tx)dx = 1−t
∫ ∞
0
e−x sin(tx)dx
Integrating (again) by parts∫ ∞
0
e−x cos(tx)dx = 1 +
[
te−x sin(tx)
]x=∞
x=0
− t2
∫ ∞
0
e−x cos(tx)dx
Therefore ∫ ∞
0
e−x cos(tx)dx =
1
1 + t2
= y′(t)
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Integrating by parts∫ ∞
0
e−x cos(tx)dx =
[−e−x cos(tx)]x=∞
x=0
−t
∫ ∞
0
e−x sin(tx)dx = 1−t
∫ ∞
0
e−x sin(tx)dx
Integrating (again) by parts∫ ∞
0
e−x cos(tx)dx = 1 +
[
te−x sin(tx)
]x=∞
x=0
− t2
∫ ∞
0
e−x cos(tx)dx
Therefore ∫ ∞
0
e−x cos(tx)dx =
1
1 + t2
= y′(t)
Conclusion y(t) =
∫ ∞
0
e−x
sin(tx)
x
dx = arctan t
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Exercise Using Euler Beta function and a suitable change of variable, evaluate
J =
∫ 2
0
x
3
√
8− x3 dx
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Exercise Using Euler Beta function and a suitable change of variable, evaluate
J =
∫ 2
0
x
3
√
8− x3 dx
Change the variable, putting x3 = 8u i.e. x = 2u1/3 =⇒ dx = 2
3
u−
2
3du. The given
integral is transformed in
J = 8
3
∫ 1
0
u−
1
3 (1− u) 13du = 8
3
B
(
4
3
,
2
3
)
=
8
3
Γ
(
4
3
)
Γ
(
2
3
)
=
8
9
Γ
(
1
3
)
Γ
(
2
3
)
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Exercise Using Euler Beta function and a suitable change of variable, evaluate
J =
∫ 2
0
x
3
√
8− x3 dx
Change the variable, putting x3 = 8u i.e. x = 2u1/3 =⇒ dx = 2
3
u−
2
3du. The given
integral is transformed in
J = 8
3
∫ 1
0
u−
1
3 (1− u) 13du = 8
3
B
(
4
3
,
2
3
)
=
8
3
Γ
(
4
3
)
Γ
(
2
3
)
=
8
9
Γ
(
1
3
)
Γ
(
2
3
)
Now use Euler reflexion formula:
J = 8
9
pi
sin pi
3
=
8
9
pi
√
3
2
=
16pi
9
√
3
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Exercise
Giustify, the passage to the limit under integral sign:
lim
n→∞
∫ 1
0
x4
x2 + n2
dx
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Exercise
Giustify, the passage to the limit under integral sign:
lim
n→∞
∫ 1
0
x4
x2 + n2
dx
x4
x2 + n2
≤ x
4
x2 + 1
∈ L([0, 1])
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Exercise
Giustify, the passage to the limit under integral sign:
lim
n→∞
∫ 1
0
x4
x2 + n2
dx
x4
x2 + n2
≤ x
4
x2 + 1
∈ L([0, 1])
=⇒ lim
n→∞
∫ 1
0
x4
x2 + n2
dx = 0
22/39 Pi?
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Exercise If A = {(x, y) : x2 + y2 ≤ 1} evaluate∫∫
A
√
1− (x2 + y2) dxdy
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Exercise If A = {(x, y) : x2 + y2 ≤ 1} evaluate∫∫
A
√
1− (x2 + y2) dxdy
Using polar coordinates we get∫∫
A
√
1− (x2 + y2) dxdy = 2pi
∫ 1
0
ρ
√
1− ρ2d ρ = 2pi
3
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Exercise
Show that ∫ 1
0
√
1− x4 dx = 1
4
B
(
1
4
,
3
2
)
Then, converting Beta into Gamma infer that∫ 1
0
√
1− x4 dx =
√
pi
6
Γ
(
1
4
)
Γ
(
3
4
)
Eventually use Reflexion formula to deduce∫ 1
0
√
1− x4 dx = Γ
2
(
1
4
)
√
72pi
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Change variable in the integral putting x4 = s so that x = s
1
4 =⇒
dx = 14 s
− 34du then
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Change variable in the integral putting x4 = s so that x = s
1
4 =⇒
dx = 14 s
− 34du then∫ 1
0
√
1− x4 dx = 1
4
∫ 1
0
(1− s) 12s− 34du
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Change variable in the integral putting x4 = s so that x = s
1
4 =⇒
dx = 14 s
− 34du then∫ 1
0
√
1− x4 dx = 1
4
∫ 1
0
(1− s) 12s− 34du
Recall Beta definition to find our x and y
B(x, y) =
∫ 1
0
sx−1 (1− s)y−1ds =⇒

x− 1 = 1
2
y − 1 = −3
4
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Exercise
Evaluate using Euler Beta∫ 1
0
x2
√
1− x2dx
26/39 Pi?
22333ML232
Exercise Find the distance
d(X, Y ) := inf
x∈X,y∈Y
||x− y||
between Y = {(1, 1)} and X = {(x, y) ∈ R2 : x2 + xy + y2 = 1}
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Exercise Find the distance
d(X, Y ) := inf
x∈X,y∈Y
||x− y||
between Y = {(1, 1)} and X = {(x, y) ∈ R2 : x2 + xy + y2 = 1}
Lagrangean L(x, y) = (x− 1)2 + (y − 1)2 −m(x2 + xy + y2 − 1)
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Exercise Find the distance
d(X, Y ) := inf
x∈X,y∈Y
||x− y||
between Y = {(1, 1)} and X = {(x, y) ∈ R2 : x2 + xy + y2 = 1}
Lagrangean L(x, y) = (x− 1)2 + (y − 1)2 −m(x2 + xy + y2 − 1)

2(−1 + x)−m(2x+ y) = 0
2(−1 + y)−m(x+ 2y) = 0
x2 + xy + y2 − 1 = 0
26/39 Pi?
22333ML232
Exercise Find the distance
d(X, Y ) := inf
x∈X,y∈Y
||x− y||
between Y = {(1, 1)} and X = {(x, y) ∈ R2 : x2 + xy + y2 = 1}
Lagrangean L(x, y) = (x− 1)2 + (y − 1)2 −m(x2 + xy + y2 − 1)

2(−1 + x)−m(2x+ y) = 0
2(−1 + y)−m(x+ 2y) = 0
x2 + xy + y2 − 1 = 0
=⇒

x =
2
2− 3m
y =
2
2− 3m
12
(2− 3m)2 − 1 = 0
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It follows 2−3m = ±2√3 and x = y = ± 1√
3
the minimum is assumed
for + and its value is
8
3
− 4√
3
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Exercise Solve the initial value problemvt = vxx + vx + v x ∈ R, t > 0v(x, 0) = x x ∈ R
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Exercise Solve the initial value problemvt = vxx + vx + v x ∈ R, t > 0v(x, 0) = x x ∈ R
We have a = b = 1 and then the solution is v(x, t) = e
3
4 t− 12xh(x, t)
being h(x, t) solution ofht = hxx x ∈ R, t > 0h(x, 0) = xe 12x x ∈ R
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